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Abstract

This paper analyzes the volatility spillovers across global financial markets
using a generalized variance decomposition, and by incorporating a fast-
tractable Markov regime-switching framework into the vector autoregressive
(VAR) model. The new approach outperforms the classical single-regime
framework, by detecting different dynamics of spillovers during periods of
crisis and periods of tranquility. Moreover, the proposed estimation method
has the advantage over existing procedures to converge remarkably fast when
applied to a large number of variables. Empirical investigation on volatility
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1. Introduction

The last three decades have known large perturbations in financial markets,
which resulted in widespread international crises, such as the black Monday
of October 1987, the U.S. born global financial crisis of 2008-2009, and the
European sovereign debt crisis in late 2009, among others. Following these
major events, an exuberant financial literature studied the mechanism of shock
transmission across borders and came up with words, such as “contagion” to
define the increase in cross-market linkage after a shock (Forbes and Rigobon,
2002), and “volatility spillovers” to define the causality in variance between
markets (Engle et al., 1990). Both definitions indicate shock transmissions
that cannot be explained by fundamentals, nor co-movements (Bekaert et al.,
2014), and the distinction between them is tenuous and model dependent.
Rigobon (2016) argues that spillovers are present during good and bad times
to measure the interdependence, whereas, the contagion is more prominent
during crises and measures the degree of intensification of shock propagation.
In a recent study, Wegener et al. (2018) introduced the concept of spillovers
of explosive regimes to shed light on the migration process between crises,
i.e., how one crisis triggers another one.

Spillovers are observed in returns and volatility, which is usually associated
with risk (Diebold and Yilmaz, 2009). Understanding the volatility in financial
markets is crucial to risk managers, decision makers, and hedgers, especially
in the aftermath of financial crises. Consequently, studying the volatility
spillovers has direct implications on designing optimal portfolios and building
policies to prevent harmful shock transmission.

This paper extends the work of Diebold and Yilmaz (2012) by incorporating
a Markov switching framework into the generalized vector autoregressive
(VAR) model. Analyzing shifts in the volatility spillovers is of particular
interest. Indeed, this approach takes into account the different volatility states
– high and low – and interdependences due to economic and financial changes.
Moreover, shifts in regimes are regarded as random events and unpredictable
to allow better identification of the different volatility states. Application
is conducted on volatility indices – Option-implied standard deviations of
stock indices – of eight developed financial stock markets, namely, U.S., U.K.,
France, Germany, Netherlands, Switzerland, Hong Kong, and Japan.

There exist extensive literature dealing with regime-switching volatility
spillovers. For instance, Billio and Pelizzon (2003) studied the spillovers using
a switching beta model; Baele (2005) employed a simple linear model with
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heteroskedastic volatility, where the Markov chain is introduced in the mean
equation; Psaradakis et al. (2005) used a switching bivariate VAR model to
analyze changes in the Granger causality; Gallo and Otranto (2008) developed
a multi-chain Markov switching model to detect spillovers; Beckmann et al.
(2014) advanced a Markov switching vector error correction model (VECM)
with shifts in the adjustment coefficients and the variance-covariance matrix
by applying a Gibbs sampler to analyze the relationship between global
liquidity and commodity prices; Nomikos and Salvador (2014) utilized a
Markov bivariate BEKK model to compute the time varying correlation; and
Otranto (2015) proposed a multiplicative error model with highly complicated
transition probability matrix to capture the volatility spillovers. The main
drawback of these studies is that they analyze spillovers on bivariate cases
due to the complexity of their designs, i.e., even when applied to multiple
dependent variables, the transmission mechanism is still investigated for a pair
of variables at a time. Recently, Leung et al. (2017) avoided the complexity
of regime-switching models by incorporating a dummy variable in a simple
linear regression framework to examine possible changes of volatility spillovers
during crises. However, to estimate this model, crisis periods must be defined
in advance, ruling out undocumented bursts that may follow major events,
and we prefer the full power of unpredictable regime shift detection offered
by Markov switching models.

Our motivation for a Markov switching framework is to extend the risk
propagation analysis, by shedding light on the elusive dynamics of volatility
spillovers among financial markets during largely documented turmoil periods,
as well as undocumented side bursts that may follow these major events. Com-
monly, crashes in financial markets are unpredictable, as market downturns
are associated with periods of high risk (Bekaert et al., 2014). Therefore, the
issue of volatility spillovers across stock markets is nontrivial to investors in
managing their optimal portfolio diversification and asset allocation strategies,
and to decision makers in promoting financial stability.

Our study is the first to incorporate a Markov regime-switching into a
vector autoregressive model to infer the multiple spillover indices. First, we
employ a simple method similar to Diebold and Yilmaz (2012) to compute
directional and net spillovers across markets. Second, contrary to previous
researches, our model is highly tractable even for a large number of dependent
variables. Third, the proposed estimation method is remarkably fast compared
to existing numerical procedures. Fourth, to the best of our knowledge, this
is the first study to investigate volatility spillovers based on stock market
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volatility indices. Previous studies constructed the market volatility from
index returns through different models, such as heteroskedastic models, or
range volatility estimators of Parkinson (1980) or Rogers and Satchell (1991).

The remainder of the paper is organized as follows. Section 2 develops the
regime-switching vector autoregressive model, and explains the estimation
procedure. Section 3 explores the concept of spillovers. Section 4 presents
the data and discusses the results. Finally, section 5 concludes the paper.

2. The model

2.1. Regime-switching vector autoregressive
Diebold and Yilmaz (2009, 2012) state that the multivariate VAR model

can be employed as a simple framework to measure volatility spillovers across
different markets. We extend the generalized approach of Diebold and Yilmaz
(2012), where the variable ordering has no influence on the spillover index, by
allowing a Markov regime-switching. Consider a K-state Markov switching
VAR model (MS-VAR) in eq. (1).

yt|st = νk +
p∑

i=1
Φk,i yt−i + ust,t (1)

where yt is a n-dimensional random vector of observations in Rn, such
that yt = (y1,t, . . . , yn,t)′ for t = 1, . . . , T . νk is a (n× 1) regime-dependent
vector of intercepts; {Φk,i}p

i=1 are (n×n) state-dependent matrices (Φk,p 6= 0,
where 0 denotes the n-by-n null matrix); and ust,t is a vector of residuals.

To allow for different variances in each regime, we set ust,t = Σk εt, with
εt is a stationary and ergodic sequence of zero-mean independently and
identically distributed (i.i.d.) white noise process assumed to be multivariate
normal, i.e., εt

i.i.d.∼N (0n, In), where In is the (n× n) identity matrix, and
0n is a (n×1) vector of zeros. Σk represents a lower triangular (n×n) regime-
dependent Cholesky factorization of the symmetric variance-covariance matrix
denoted Ωk. In other words, Ωk = ΣkΣ

′
k. Hence, we have:

yt|st ∼ N (νk,Ωk) (2)

Each regime k = {1, . . . , K} is characterized by its own intercept vector νk,
autoregressive matrices {Φk,i}p

i=1 and variance-covariance matrix Ωk. This
model is based on the assumption of varying intercepts according to the state
of market, controlled by the state variable {st}. The autoregressive parameter
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matrices control the intensity of spillovers among variables, depending on the
regime. The Markov switching heteroskedastic variance-covariance matrix is
exploited to identify structural shocks in the errors (Herwartz and Lütkepohl,
2014).

The state variable {st} evolves according to a discrete, homogeneous,
irreducible and ergodic first-order Markov chain with a transition probability
matrix P, i.e., for K regimes st = {1, . . . , K}.1 Each element of P denotes
the probability of being in regime j at time t, knowing that at time t− 1 the
regime was i. It is expressed in eq. (3).

P =


p1,1 · · · p1,K
... . . . ...

pK,1 · · · pK,K


pi,j = Pr (st = j|st−1 = i)

(3)

where each column of P sums up to one,
K∑

i=1
pi,j = 1. In case of two

regimes, the transition matrix becomes:

P =
(

p 1− q
1− p q

)
The ergodic or unconditional probability π is the eigenvector of P corre-

sponding to the unit eigenvalue normalized by its sum. It satisfies Pπ = π,
and 1′Kπ = 1, where 1K is a (K × 1) column vector of ones (Hamilton, 1994,
p. 684). Formally,

π = (A′A)−1 A′
[
0K

1

]
(4)

where 0K is a (K × 1) column vector of zeros, and

A
(K+1)×K

=
[
IK −P

1′K

]

1These properties are crucial to refrain the chain from being stuck in one state.
Ergodicity implies that each state is aperiodic and recurrent.
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In other words, π is the (K + 1)th column of (A′A)−1 A′. In the special
case of two regimes, the unconditional probabilities are expressed as follows:

π1 = 1− q
2− p− q

π2 = 1− p
2− p− q

2.2. Estimation method
Estimating MS-VAR models is rather difficult, especially for large number

of variables. In fact, the literature usually restricts the autoregressive param-
eter matrices to be constant across regimes to isolate the effect of economic
shocks through heteroskedastic variance-covariance matrix (e.g., Herwartz
and Lütkepohl, 2014; Lütkepohl and Netšunajev, 2017). Other researchers
limit the number of endogenous variables to no more than three (see, for
example, Nyberg, 2017; Lee, 2017) to avoid several difficulties that arise
in multiple-equation Markov switching models, as explained by Sims et al.
(2008).

In our paper, we perform the estimation by maximum likelihood (ML)
using the iterative expectation-maximization (EM) algorithm, as discussed in
Krolzig (1997, p. 103) and Herwartz and Lütkepohl (2014). Hamilton (1990)
recommends the EM algorithm to maximize the likelihood function since it
avoids local maxima and essential singularities occasionally encountered in
most popular hill-climbing optimization methods. Furthermore, EM estimates
converge to the ML estimates when the number of iterations tends to infinity.
Krolzig (1997, p. 97) provides analytical solution of the likelihood gradients
needed in the maximization step of MS-VAR models. Each iteration of the
EM algorithm consists of two steps E (expectation) and M (maximization),
repeated until convergence.

2.2.1. Initialization
To jump-start the procedure, the parameters of the first regime are set to

the estimated ones of a single-regime VAR model. Next, for each subsequent
regime, the parameters of the first step are multiplied by a factor to avoid
resemblance between states (identification problem). The transition matrix is
initialized with arbitrary diagonal values, and the off-diagonal rows of each
column share the remaining probabilities, so that each column sums up to
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one.2 Finally, the smoothed probability vector ξ(0)
t|T has the same probability

∀ t = 1, . . . , T , such that
K∑

k=1
ξk,t|T = 1.

2.2.2. Expectation step
Krolzig (1997, p. 79) suggests the Baum – Lindgren – Hamilton – Kim

(BLHK) filter and smoother for regime probability vector. The filtered
probability ξt|t = Pr (st = k|It−1) designates the probability of being in regime
k at time t given the information available at t− 1, which is defined in eq. (5).

ξ̂t|t = ηt �P ξ̂t−1|t−1

1′K,1

(
ηt �P ξ̂t−1|t−1

) (5)

where � denotes the Hadamard product or element-by-element matrix
multiplication, and ηt = f

(
yt|st = k,yt−1,θk

)
is a (K × 1) vector of con-

ditional density functions given the parameter vector θk relative to regime
k, and all available observations yt−1 up to t− 1.3 The kth element of ηt is
expressed in eq. (6), where st = k.

ηst,t = (2π)−
n
2 det (Ωk)−

1
2 exp

{
−1

2u
′
st,tΩ

−1
k ust,t

}
(6)

The filtered probability has limited information, especially when the ob-
servations are up to time T . Therefore, we compute the smoothed probability
vector ξt|T = Pr (st = k|IT ) using Kim (1994)’s forward-backward algorithm
in eq. (7).

ξ̂t|T =
[
P′
(
ξ̂t+1|T � ξ̂t+1|t

)]
� ξ̂t|t (7)

where � denotes the element-wise matrix division, and ξ̂t+1|t = P ξ̂t|t
(forward step). The recursion is started with the final filtered probability
vector ξ̂T |T , and for t = T − 1, . . . , 1 (backward step).

2To differentiate between the regimes, we multiply each coefficient by a factor δ(k−1),
with δ = 1.1 and k = 1, . . . ,K. Moreover, the initial transition matrix is set to P0 =
γIk + 1−γ

K 1K1′K , with γ = 0.8. During the estimation, we changed the δ factor to 1.2, 1.3
and 1.4 and found no significant effect on the results.

3The filtered probability has a first-order recursive structure. To jump-start the
estimation, we set ξ0|0 = 1K/K. For subsequent iterations, the initial filtered probability
is set to equal the last smoothed one of the previous iteration, i.e., ξ0|0 = ξ̂0|T .
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2.2.3. Maximization step
Analytical solutions of the likelihood gradients with respect to the parame-

ters are essential in this step. First, we need to estimate the transition matrix
as a (K2 × 1) vector vec

(
P̂′
)
in eq. (8), given the smoothed and filtered

probabilities from the previous E step.

vec
(
P̂′
)

= ξ̂(2) �
(
1K ⊗ ξ̂(1)

)
(8)

where ⊗ stands for the Kronecker product, and

ξ̂(2) =
(

T−1∑
t=1
ξ̂

(2)
t|T

)
ξ̂

(2)
t|T = vec (P′)�

[(
ξ̂t+1|T �Pξ̂t|t

)
⊗ ξ̂t|t

]
ξ̂(1) = (1′K ⊗ IK) ξ̂(2)

The transition matrix utilized to compute the smoothed probabilities ξ̂(2)
t|T

are obtained from the previous iteration of the EM algorithm.
Next, we estimate the parameter matrix – or normal equations – Θ ≡

(θ1, . . . ,θK) for all regimes using generalized linear squares (GLS) regres-
sions at each iteration of the EM algorithm, where the pseudo-observations
are weighted with their smoothed probabilities (Krolzig, 1997, p. 108; Cav-
icchioli, 2014). Hence, each regime is characterized by a parameter vec-
tor θk = vec (νk,Φk,1, . . . ,Φk,p), and a variance-covariance matrix Σk, for
k = 1, . . . , K. For the jth iteration, Krolzig (1997, p. 178-180) shows that the
homoskedasticity holds at each state; consequently, the parameter vector is
estimated regime-by-regime in eq. (9).

θ̂
(j)
k

(nR×1)
=
[(

X′kΞ̂
(j)
k Xk

)−1
X′kΞ̂

(j)
k ⊗ Ik

]
y (9)

where

Xk
(T×R)

= (1T ,yt−1, . . . ,yt−p)

Ξ̂
(j)
k

(T×T )
= diag

(
ξ̂

(j)
k,t|T

)
y

(nT×1)
= (y′1, . . . ,y′n)′
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and the regime-dependant variance-covariance matrix

Ω̂
(j)
k

(n×n)
= 1
T̂

(j)
k

û
(j)′
k Ξ̂

(j)
k û

(j)
k (10)

R designates the number of parameters per equation and per regime,
R = (np+ 1), T̂ (j)

k =
T∑

t=1
ξ̂

(j)
k,t|T (Krolzig, 1997, p. 110), such that ξ̂k,t|T stands

for the smoothed probability vector of regime k, and û
(j)
k

(T×n)
= y −Xkθ̂

(j)
k .

2.2.4. Log-likelihood and convergence
The likelihood function to evaluate is a weighted average of the different

likelihoods in each regime ηt multiplied by the filtered probabilities ξt|t−1.
Taking the logarithm of the likelihood yields eq. (11).

lnL =
T∑

t=1
ln f

(
yt|yt−1

)
(11)

=
T∑

t=1
ln
(
η′t Pξt−1|t−1

)
Iterations of the EM algorithm are repeated until convergence is achieved.

We simultaneously select two convergence criteria related to (i) the relative
change of the log-likelihood, and (ii) the norm of parameters’ variation,
expressed respectively in eqs. (12a) and (12b). Iterations are stopped when
both criteria are negligibly small. Numerical implementation is discussed in
appendix A.

∆1 =
lnL

(
Θ(j+1)

)
− lnL

(
Θ(j)

)
lnL (Θ(j)) (12a)

∆2 = ‖Θ(j+1) −Θ(j)‖ (12b)

Standard errors of the estimated parameters, including the transition
probabilities, are computed using the asymptotic Fisher information matrix
approximated by the outer product of the numerical first order derivatives
(Cavicchioli, 2017). Thus, the standard errors are the square roots of the
diagonal elements of the inverse of this matrix (Lütkepohl and Netšunajev,
2017).
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3. The concept of spillovers

Diebold and Yilmaz (2009) develop a spillover measure based on the fore-
cast error variance decomposition from the VAR model. This decomposition
records how much of some variable i influences the h-step-ahead forecast error
variance of another variable j. Based on the work of Pesaran and Shin (1998),
Diebold and Yilmaz (2012) extend the spillover metric to make it invariant
to ordering, by using a generalized impulse response function that does not
require orthogonalization by Cholesky decomposition, and construct direc-
tional indices. The proposed framework conveys a great deal of information
via a single spillover measure.

Formally, consider the covariance-stationary model proposed in eq. (1).
The vector moving average (VMA) representation of that model is:

yt|st = ωk +
∞∑

j=0
Ak,j ust,t−j (13)

where Ak,j are (n× n) matrices that obey to the following recursion,

Ak,j =
p∑

i=1
Φk,iAk,j−i

with a starting value being the identity matrix Ak,0 = In, and Ak,j = 0
for j < 0. The vector ωk is obtained by applying the infinite order inverse
autoregressive lag-operator to νk, i.e., ωk = (In −

∑p
i=1 Φk,i)−1 νk, and does

not interfere with the variance decomposition. Usually, the infinite-order
VMA representation in eq. (13) is truncated at h-step-ahead to forecast the
error variance.

The generalized h-step-ahead forecast error variance decomposition shares
in each regime k is defined as:

θg
k,ij (h) =

σ−1
k,jj

h−1∑
l=0

(e′iAk,lΣkej)2

h−1∑
l=0

(
e′iAk,lΣkA′k,lei

)
where σk,jj is the standard deviation of the error term for the jth equation,

and ei is a selection column vector with the ith element equals one and
zeros elsewhere. Since the variance decomposition is based on the generalized
impulse response functions, the sum of each row in the variance decomposition
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table is ∑n
j=1 θ

g
k,ij (h) 6= 1. Therefore, we normalize the variance shares to

ensure that each row sums up to one as:

θ̃g
k,ij (h) =

θg
k,ij (h)

n∑
j=1

θg
k,ij (h)

(14)

We define the total spillover index in regime k to measure the contribution
of spillovers of volatility shocks among variables to the total forecast error
variance in eq. (15).

Sg
k (h) = 1

n

n∑
i,j=1
i 6=j

θ̃g
k,ij (h) (15)

Alternatively, we can compute the directional spillovers to learn about
the contribution of each market in the spillovers of other markets and their
directions. We distinguish between spillovers received by market i from all
other markets in eq. (16), and spillovers transmitted from market i to all
other markets in eq. (17).

Sg
k

all→i
(h) = 1

n

n∑
j=1
i 6=j

θ̃g
k,ij (h) (16)

Sg
k

i→all
(h) = 1

n

n∑
i=1
i 6=j

θ̃g
k,ij (h) (17)

Contributions from other markets in eq. (16) is simply the off-diagonal
row sum of the normalized generalized variance decomposition shares from
eq. (14), and can never exceed 100% because each row of the matrix sums up
to one. Similarly, contributions to other markets in eq. (17) is the off-diagonal
column sum of the normalized generalized variance decomposition shares
from eq. (14), and can exceed 100% when the market in concern has a major
impact in transmitting shocks to others.

We can further define the net volatility spillovers from market i to all others
in eq. (18) as the difference between the gross volatility shocks transmitted
from i to others, and the gross volatility shocks received by i from others.

Sg
k,i (h) = Sg

k
i→all

(h)− Sg
k

all→i
(h) (18)
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4. Empirical investigation

4.1. Data and summary statistics
We collect eight daily volatility indices as proxies of market risk, namely,

the VIX (S&P 500 volatility, U.S.), VFTSE (FTSE 100 volatility, U.K.),
VCAC (CAC 40 volatility, France), VDAX (DAX 30 volatility, Germany),
VAEX (AEX 25 volatility, Netherlands), VSMI (SMI 20 volatility, Switzer-
land), VHSI (HSI 50 volatility, Hong Kong), JNIV (Nikkei 225 volatility,
Japan), from January 1, 2001 to December 31, 2017. The data are collected
from Thomson Reuters Datastream. Volatility indices are the implied stan-
dard deviations of Options – not in percent – on the corresponding market
indices over the next 30 calendar days.4 Hence, a volatility index reflects the
expectation on how relatively volatile the stock market will be over the next
month. We disregard the problem of asynchronous close-to-close daily prices
evoked by Burns et al. (1998), since volatility indices are rolling estimates
of the implied volatility over larger time horizon (Yang and Zhou, 2017).5
Summary statistics are presented in table 1, and volatility indices are plotted
in fig. 1.

Table 1: Summary statistics.

Volatility
index VIX VFTSE VCAC VDAX VAEX VSMI VHSI JNIV

Mean 0.1967 0.1945 0.2281 0.2378 0.2275 0.1897 0.2298 0.2550
Minimum 0.0914 0.0619 0.0043 0.1098 0.0577 0.0881 0.1086 0.1152
Maximum 0.8086 0.7554 0.7805 0.8323 0.8122 0.8490 1.0429 0.9145
Std. dev. 0.0888 0.0874 0.0908 0.0995 0.1068 0.0829 0.0998 0.0915
Skewness 2.1213 1.8814 1.6573 1.7662 1.7726 2.1808 2.2464 2.4090
Kurtosis 9.8193 8.0033 6.7437 6.6840 6.5478 9.5481 10.113 12.867
No. obs. 4435 4435 4435 4435 4435 4435 4435 4435

Note: This table reports the descriptive statistics of volatility indices.

From table 1 and fig. 1, the volatility in all markets reached a peak of 75%
to 104% during the global financial crisis in 2008-2009. Other periods of high
risk state are also noticeable, e.g., the Gulf war that erupted in mid 2001 and

4We focus on the developed markets because their implied volatility indices are easily
available. Indices for some emerging markets are only recently constructed.

5We refer to Aguilar and Hill (2015) for a detailed discussion on the subject.
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Figure 1: Volatility indices.

ended in late 2002, the European sovereign debt crisis from late 2009 to late
2012, and the Brexit vote in mid 2016, among other irregularities in global
markets. The volatility in each market responded with different intensity to
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the crises. The plots clearly exhibit some similarities in the volatility patterns,
which strongly suggest the presence of a spillover effect across markets.

4.2. Results
Estimation of the VAR models are conducted with order 1. Although

we can select the optimal lag-order by conducting different estimations and
retaining the output with the best selection criteria (Akaike or Bayesian),
Diebold and Yilmaz (2012, p. 60) and Narayan et al. (2014) have confirmed
that spillovers are not sensitive to the choice of the lag-order of the VAR
model, nor to the choice of the forecast horizon. Therefore, we select VAR(1)
for both single and regime-switching analysis.6 The performance of each
model (regime-switching vs. single regime) is gauged with the Bayesian
information criterion (BIC), the lower the better.

4.2.1. Single regime
The single-regime estimation is equivalent to the model introduced by

Diebold and Yilmaz (2012). From the estimation output in table 2, we con-
struct the directional spillover indices in table 3 using 5-day ahead volatility
forecast errors, which is the number of trading days per week.7 The total
spillover index in all markets is 68.7%. The European markets receive the
highest spillovers ranging from 74.9% (Switzerland) to 76.6% (U.K.). Fur-
thermore, Germany and Netherlands largely contribute to the risk of other
markets, with 94.8% and 94.0% of risk spillovers, respectively; subsequently
followed by U.K. with 85.3%, and Switzerland with 85.0%. The contribution
of France is rather weak compared to other European countries. The French
market is largely influenced by the volatility of other European markets, yet
does not have the same influence on them. The U.S. market moderately
contributes and transmits its risk to others. Regrading the Japanese market,
however, it receives 50.5% from other markets and transmits only a small
17.2%.

6Based on the Bayesian information criterion, the optimal lag-orders for single and
two-regime switching models are 3 and 2, respectively. However, the improvement of each
criterion compared to vector autoregressions of order 1 is negligible.

7Narayan et al. (2014) ascertain that the spillover effects are robust to different lag
lengths of the VAR model and to different forecasting horizons.
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Table 2: Single-regime VAR.

Volatility index U.S.
(VIX)

U.K.
(VFTSE)

France
(VCAC)

Germany
(VDAX)

Netherlands
(VAEX)

Switzerland
(VSMI)

Hong Kong
(VHSI)

Japan
(JNIV)

Constant 0.00419** 0.00380** 0.01133** 0.00679** 0.00476** 0.00421** 0.00755** 0.00965**

(0.0009) (0.0009) (0.0010) (0.0009) (0.0009) (0.0007) (0.0008) (0.0010)

AR(1) autoregression matrix

U.S. 0.92970** 0.05521** -0.01759 -0.02146 0.03721** -0.01632 0.01029* 0.00116
(0.0106) (0.0164) (0.0136) (0.0145) (0.0126) (0.0148) (0.0057) (0.0059)

U.K. 0.15209** 0.79639** -0.00754 0.01025 0.00071 0.06577** -0.00360 -0.02593**

(0.0100) (0.0153) (0.0127) (0.0135) (0.0118) (0.0139) (0.0053) (0.0055)

France 0.11875** 0.04227** 0.77415** 0.06473** 0.02022 0.02304 -0.02920 -0.03530**

(0.0110) (0.0169) (0.0140) (0.0149) (0.0130) (0.0152) (0.0059) (0.0061)

Germany 0.11063** -0.05128** -0.01129 0.92883** 0.03432** 0.02419* -0.02270** -0.02438**

(0.0098) (0.0151) (0.0125) (0.0133) (0.0116) (0.0137) (0.0053) (0.0054)

Netherlands 0.12915** -0.07350** -0.04095** 0.03265** 0.94054** 0.05809** -0.01856** -0.02937**

(0.0100) (0.0154) (0.0128) (0.0136) (0.0119) (0.0139) (0.0054) (0.0055)

Switzerland 0.08246** 0.01080 -0.02314** -0.00123 0.00947 0.94106** -0.01968** -0.01327**

(0.0076) (0.0118) (0.0097) (0.0104) (0.0091) (0.0106) (0.0041) (0.0042)

Hong Kong 0.11206** 0.03750** -0.04559** -0.03917** -0.00217 0.03010** 0.94054** -0.03406**

(0.0095) (0.0146) (0.0121) (0.0129) (0.0113) (0.0132) (0.0051) (0.0053)

Japan 0.13137** 0.00937 -0.04548** -0.01447 -0.00714 0.03679** -0.01789 0.90314**

(0.0117) (0.0179) (0.0149) (0.0158) (0.0138) (0.0162) (0.0062) (0.0064)

Maximum log-likelihood 108484.99
Bayesian criterion -216063.07

Note: This table reports the estimation results of a single-regime VAR(1). Standard errors are in parentheses.
* Statistically significant at 10% confidence level.
** Statistically significant at 5% confidence level.
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Table 3: Directional spillovers under single-regime.

Volatility
index

U.S.
(VIX)

U.K.
(VFTSE)

France
(VCAC)

Germany
(VDAX)

Netherlands
(VAEX)

Switzerland
(VSMI)

Hong Kong
(VHSI)

Japan
(JNIV)

Contribution
from others 63.3 76.6 76.2 75.9 75.6 74.9 56.4 50.5

Contribution
to others 76.3 85.3 66.6 94.8 94.0 85.0 30.0 17.2

Total index 68.7

Note: This table reports the volatility directional spillovers in % under single-regime. Spillovers are
computed using Diebold and Yilmaz (2012) framework. The results are based on generalized variance
decompositions of 5-day ahead volatility forecast errors. The number in bold represents the total
volatility spillover index.
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4.2.2. Markov regime-switching
Several scholars argue that financial markets evolve according to two

distinct regimes, a high-risk regime during crises (bad times), and a low-risk
regime during non-crises (good times), see, e.g., Beckmann et al. (2014);
Rigobon (2016); Leung et al. (2017); BenSaïda (2018), among others. There-
fore, we limit our regime-switching VAR model to two regimes to study the
inherent dynamics of risk propagation, i.e., moderate and intense spillovers.
Nevertheless, for comparison purpose, we report the BIC for Markov switching
for three, four, and five regimes in table 4. Although the BIC for three and
more regimes are better (lower) than of two-regime switching model, the
substantial decrease per observation is negligible. Indeed, the improvement is
not as noticeable as when passing from a single-regime to a two-regime model,
where the BIC per observation plummets from -48.72 to -54.01. Moreover,
the economic and financial significance of three and more volatility regimes
bears little interest to financial market participants.

Table 4: Bayesian information criteria for multiple regime-switching.

Number of regimes BIC BIC per observation

One -216063.07 -48.72
Two -239522.81 -54.01
Three -242859.92 -54.75
Four -243636.77 -54.93
Five -243782.34 -54.96

Note: This table reports the Bayesian information criteria for one, two, three, four, and
five regimes of the VAR(1) model.

Estimation output of the two-regime switching model is displayed in
table 5, and the smoothed probabilities of the intense spillovers are plotted
in fig. 2. Shifts between regimes occur randomly with highly significant
transition probabilities p = 92.51% and q = 74.96%, which means that once
the volatility spills over for one day in regime 1, then on average, 92.51%
of the time it will remain in that regime for the next day. Similarly, if the
volatility spills over for one day in regime 2, it will remain in that regime for
the next day 74.96% of the time, on average. This indicates that the first
regime is more persistent than the second one.

Moreover, the distinction between regimes is significant with no iden-
tification problem. Indeed, regime 2 corresponds to the intense volatility
spillovers with a total index of 70.2%, against 62.2% in the moderate spillovers
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regime 1. According to the BIC, introducing the Markov switching framework
into the generalized VAR model of Diebold and Yilmaz (2012) considerably
improves the volatility spillover analysis. In a related study, Narayan et al.
(2014) separated the sample into pre-crisis, crisis, and post-crisis by fixing
the periods, and found a relatively higher impact of spillover shocks during
the global financial crisis. Our analysis supposes that shifts between intense
spillovers and moderate spillovers are random and unpredictable to take into
account any side burst that may follow major events. Thus, different volatility
spillover states are better identifiable.

Table 6 displays the detailed directional spillovers under Markov switching
model. This table is of particular interest, since it conveys some key informa-
tion that were not previously available under the single-regime model; mainly,
regarding U.S., Japan, and France. In fact, during normal periods of stability,
the U.S. market contributed weakly to the risk of other markets with an index
of 43.4% against 63.3% when the dynamics are under a single-regime model.
Spillovers transmitted from U.S. to other countries soar to 100.9% during
crisis periods in regime 2. The influence of the U.S. economy on others is more
prominent during crises than during stable periods. It largely contributes to
the financial distress of other markets.

For the Japanese market, apart its low contribution to the risk of other
markets during periods of both stability and crisis, it is modestly influenced
by the volatility of other markets during periods of tranquility with an index
of 28.6%, against 50.5% under the single-regime model. During crisis periods,
however, volatility spillovers from other markets to Japan increase to 56.9%.
The Japanese market is, hence, more influenced by the risk of other markets
during turmoil periods. Regarding France, it contributes modestly to the risk
of other markets during turbulent periods with a spillover index of 58.9%,
almost with the same intensity under the single-regime model. Nevertheless,
during stable periods, the contribution of the French market to others increases
to 87.3%. France makes an exception among other countries, since it is the
only market where its risk contribution to others drastically decreases during
the intense spillovers regime 2.

The smoothed probabilities in fig. 2 exhibit massive fluctuations with
several periods of intense spillovers, during which, the probabilities of being
in regime 2 are nearly one, mainly: (i) the Gulf war which erupted in mid
2001 and ended in late 2002; (ii) the global financial crisis from the end of
2007 to the second quarter of 2009; (iii) the European sovereign debt crisis
from late 2009 to the end of 2012; and finally (iv) the Brexit vote on June 23,
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2016. Moreover, the volatility spillovers alternate between an intense and a
moderate state quite rapidly with frequent multiple spikes in the probability
plot, which describe side bursts following the major events. The rapid shifts
between regimes are corroborated with an expected duration of 13.35 days for
the moderate spillovers regime 1, against 3.99 days for the intense spillovers
regime 2.

The time span considered in this study covers many events since 2001.
Some are well documented in the literature, such as the global financial
market integration; other events, however, are better described as side bursts
or irregular evolutions following major changes in the linkages among global
markets. Therefore, a single measure of volatility spillovers might unlikely
describe the true dynamics underlying financial markets. Consequently, we
perform a rolling-window analysis with a subsample length of 260 days (almost
all trading days in one year) to graphically assess the nature of volatility
spillovers variation over time. Total volatility spillovers inferred from the
regime-switching model are plotted in fig. 3. Net spillovers are plotted in
fig. 4 for regime 1, and in fig. 5 for regime 2.8

From fig. 3, we notice that spillovers during periods of crisis are more
intense than during periods of tranquility. This shift-spillover after certain
financial events indicates the presence of a contagion effect, as documented
by Forbes and Rigobon (2002); Bekaert et al. (2014). Specifically, the total
volatility spillovers exhibit a noticeable downward trend just prior to the
global financial crisis and in the second half of 2013, with a clear distinction
between intense and moderate spillover states.

The analysis of net volatility spillovers in figs. 4 and 5 shows that Hong
Kong and Japan are net receivers of risk in the moderate regime 1, they
become net transmitters during specific short events in the intense regime 2.
Regarding U.S. and Germany, these markets are generally net transmitters
of volatility in the moderate regime 1. Nevertheless, in the intense spillovers
regime 2, all markets alternate between receiving and transmitting risk more
frequently than under regime 1.

8Detailed results of single-regime spillovers, including total and directional indices are
available from the corresponding author upon request.

19



Table 5: Regime-switching VAR.

Volatility index U.S.
(VIX)

U.K.
(VFTSE)

France
(VCAC)

Germany
(VDAX)

Netherlands
(VAEX)

Switzerland
(VSMI)

Hong Kong
(VHSI)

Japan
(JNIV)

Regime 1

Constant 0.00502** 0.00264** 0.00513** 0.00498** 0.00352** 0.00430** 0.00407** 0.00516**

(0.0005) (0.0005) (0.0005) (0.0005) (0.0005) (0.0004) (0.0004) (0.0005)

AR(1) autoregression matrix

U.S. 0.93779** 0.02837** -0.00255 -0.00545 0.03044** -0.03834** 0.00660** 0.00304
(0.0055) (0.0085) (0.0070) (0.0075) (0.0065) (0.0077) (0.0030) (0.0031)

U.K. 0.08252** 0.86255** -0.00185 0.01490** -0.02377** 0.04834** 0.00835** -0.00956**

(0.0053) (0.0081) (0.0067) (0.0071) (0.0062) (0.0073) (0.0028) (0.0029)

France 0.05981** -0.04069** 0.93273** 0.03265** -0.01515** 0.01659** -0.00126 -0.00936**

(0.0057) (0.0088) (0.0073) (0.0077) (0.0067) (0.0079) (0.0030) (0.0031)

Germany 0.04697** -0.05311** -0.01343* 0.97770** 0.00876 0.01434* 0.00080 -0.00771**

(0.0056) (0.0086) (0.0071) (0.0076) (0.0066) (0.0077) (0.0030) (0.0031)

Netherlands 0.06585** -0.05922** -0.03326** 0.03506** 0.95325** 0.02916** 0.00157 -0.00982**

(0.0054) (0.0082) (0.0068) (0.0073) (0.0063) (0.0074) (0.0029) (0.0030)

Switzerland 0.03563** -0.01987** -0.01778** 0.01077* 0.00041 0.96888** -0.00061 -0.00589**

(0.0041) (0.0063) (0.0052) (0.0056) (0.0049) (0.0057) (0.0022) (0.0023)

Hong Kong 0.03939** -0.00543 -0.02391** 0.00590 -0.00245 0.01183* 0.96849** -0.00939**

(0.0047) (0.0073) (0.0060) (0.0064) (0.0056) (0.0066) (0.0025) (0.0026)

Japan 0.04440** -0.00029 -0.02861** 0.03405** -0.02848** 0.02779** -0.01418** 0.95252**

(0.0062) (0.0096) (0.0080) (0.0085) (0.0074) (0.0087) (0.0033) (0.0035)

Expected duration 13.35 days
Unconditional probability π1 0.7698

Continued on next page
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Table 5 – continued from previous page

Volatility index U.S.
(VIX)

U.K.
(VFTSE)

France
(VCAC)

Germany
(VDAX)

Netherlands
(VAEX)

Switzerland
(VSMI)

Hong Kong
(VHSI)

Japan
(JNIV)

Regime 2

Constant 0.01884** 0.02126** 0.03577** 0.02522** 0.02212** 0.01540** 0.02500** 0.02662**

(0.0017) (0.0016) (0.0017) (0.0015) (0.0016) (0.0012) (0.0015) (0.0018)

AR(1) autoregression matrix

U.S. 0.91141** 0.05299* -0.04133* -0.05389** 0.05523** 0.01043 0.00609 0.00637
(0.0194) (0.0298) (0.0247) (0.0263) (0.0229) (0.0269) (0.0103) (0.0107)

U.K. 0.21707** 0.69287** -0.02667 -0.01413 0.05652** 0.07465** -0.01776* -0.03970**

(0.0178) (0.0274) (0.0227) (0.0241) (0.0210) (0.0247) (0.0095) (0.0098)

France 0.18784** 0.07017** 0.61382** 0.04650* 0.08638** 0.04852* -0.05108** -0.07455**

(0.0194) (0.0299) (0.0247) (0.0264) (0.0230) (0.0270) (0.0104) (0.0107)

Germany 0.18794** -0.05999** -0.00955 0.84585** 0.05855** 0.03417 -0.06046** -0.04085**

(0.0171) (0.0263) (0.0218) (0.0232) (0.0202) (0.0238) (0.0091) (0.0095)

Netherlands 0.19556** -0.09864** -0.04615** -0.00966 0.93988** 0.07943** -0.05090** -0.04351**

(0.0179) (0.0276) (0.0228) (0.0243) (0.0212) (0.0249) (0.0096) (0.0099)

Switzerland 0.13854** 0.03706* -0.01459 -0.03049* 0.01040 0.88899** -0.04717** -0.01786**

(0.0135) (0.0208) (0.0172) (0.0183) (0.0160) (0.0188) (0.0072) (0.0075)

Hong Kong 0.20881** 0.10105** -0.05799** -0.13805** -0.01476 0.05574** 0.89246** -0.06630**

(0.0171) (0.0264) (0.0218) (0.0233) (0.0203) (0.0238) (0.0092) (0.0095)

Japan 0.24599** 0.03526 -0.07563** -0.09882** 0.02588 0.04266 -0.02423** 0.82178**

(0.0207) (0.0318) (0.0264) (0.0281) (0.0245) (0.0288) (0.0111) (0.0114)

Expected duration 3.99 days
Unconditional probability π2 0.2302

Continued on next page
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Table 5 – continued from previous page

Volatility index U.S.
(VIX)

U.K.
(VFTSE)

France
(VCAC)

Germany
(VDAX)

Netherlands
(VAEX)

Switzerland
(VSMI)

Hong Kong
(VHSI)

Japan
(JNIV)

Transition probability matrix p 0.9251** (55.96)
q 0.7496** (27.39)

Maximum log-likelihood 120676.71
Bayesian criterion -239522.81

Note: This table reports the estimation results of a two-regime switching VAR(1). Standard errors are in parentheses.
* Statistically significant at 10% confidence level.
** Statistically significant at 5% confidence level.
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Table 6: Directional detailed spillovers under regime-switching.

Volatility index U.S.
(VIX)

U.K.
(VFTSE)

France
(VCAC)

Germany
(VDAX)

Netherlands
(VAEX)

Switzerland
(VSMI)

Hong Kong
(VHSI)

Japan
(JNIV)

Contribution
from others

Regime 1

U.S. 44.3 11.0 11.2 11.6 11.5 8.4 1.4 0.7 55.7
U.K. 8.8 24.9 15.7 16.0 16.2 15.2 2.2 1.0 75.1
France 7.5 13.8 24.1 18.4 17.9 15.3 2.1 0.8 75.9
Germany 7.4 13.6 17.9 24.8 18.0 15.7 1.8 0.8 75.2
Netherlands 7.7 13.9 17.5 18.2 24.1 15.7 2.0 0.9 75.9
Switzerland 6.1 14.1 16.0 16.9 16.7 25.9 2.9 1.5 74.1
Hong Kong 3.2 5.0 5.6 5.1 5.6 7.5 63.2 4.7 36.8
Japan 2.6 3.7 3.4 3.9 3.7 5.7 5.7 71.4 28.6

Contribution
to others 43.4 75.1 87.3 90.1 89.7 83.5 18.1 10.5 Total index

62.2

Regime 2

U.S. 37.0 13.0 8.2 12.7 13.7 9.9 3.5 1.9 63.0
U.K. 15.7 22.9 10.3 15.5 18.0 14.0 2.6 1.1 77.1
France 14.2 15.0 21.9 16.9 16.8 12.6 1.8 0.8 78.1
Germany 14.9 13.9 11.9 23.8 17.4 15.3 1.8 1.0 76.2
Netherlands 14.6 15.5 10.4 17.1 25.2 14.4 1.9 0.9 74.8
Switzerland 13.2 15.3 9.7 17.1 16.0 24.1 2.8 1.7 75.9
Hong Kong 14.6 9.5 4.6 6.1 7.8 9.3 40.4 7.7 59.6
Japan 13.7 6.9 3.7 5.9 6.7 7.4 12.6 43.1 56.9

Contribution
to others 100.9 89.1 58.9 91.3 96.4 82.9 27.0 14.9 Total index

70.2

Note: This table reports the volatility directional spillovers in % under regime-switching as discussed in section 3. The results are
based on generalized variance decompositions of 5-day ahead volatility forecast errors. The entry on the ith line and jth column is
the spillovers from market i to the forecast error variance of market j. Numbers in bold represent the total volatility spillover
indices.
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Figure 2: Smoothed probabilities of intense spillovers (regime 2).

5. Conclusion

Studying volatility spillovers and risk transmission mechanism has become
crucial to risk mangers, policy makers and investors whose main objective
is the design of optimal portfolios. Indeed, the increased financial market
integration over the last years has urged the researchers and financial analysts
to deeply investigate the spillovers across markets, to prevent harmful shock
transmission, and to limit the propagation of financial crises across borders.

There exist several methods to study the volatility spillovers, mainly,
multivariate GARCH models (Hafner and Herwartz, 2006), directed acyclic
graph (DAG) based structural VAR (Yang and Zhou, 2017), copula-based
approach (Reboredo et al., 2016; BenSaïda, 2018; BenSaïda et al., 2018),
among others. Still, the most promising approach is based on the generalized
vector autoregressive framework of Diebold and Yilmaz (2012), due to its
simplicity and rich information derived from the different spillover measures.
Markov switching (MS) methods are also available, yet, applied only on
bivariate cases due to their complexity and inherent tractability problem.

This paper extends the work of Diebold and Yilmaz (2012) by incorporating
a Markov regime-switching method into the generalized VAR model. The
developed approach, conversely to existing ones, employs a fast-tractable
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Figure 3: Total volatility spillovers.

estimation procedure effective even for large number of endogenous variables.
Moreover, the derived spillover indices provide deeper understanding of the
volatility transmission mechanism across financial markets. The MS-VAR
model enables the detection of intense spillovers during crisis periods, and
moderate spillovers during non-crisis periods, by supposing that shifts between
regimes are random and not predictable. Thus, different volatility states are
better identifiable.

Empirical analysis is conducted on volatility indices of eight developed
financial stock markets. According to the Bayesian information criterion,
introducing the Markov regime-switching into the generalized VAR model
highly outperforms the single-regime framework. The results show different
spillover dynamics depending on the regime. In fact, during periods of
tranquility, the U.S. and Germany are considered as net transmitters of risk;
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Figure 4: Net volatility spillovers under regime 1 (moderate spillovers).

while Hong Kong and Japan are net receivers. During turbulent periods,
however, all markets exhibit more intense and frequent risk transmission and
risk reception.
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Figure 5: Net volatility spillovers under regime 2 (intense spillovers).
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Appendix A Numerical implementation

Existing software packages capable of estimating Markov switching VAR
models are based on a direct maximization of the log-likelihood function via
numerical optimizers, hence, not suitable for high dimensional estimation.
For example, Krolzig (1997) developed a code previously available on Ox-
Metrics and discontinued since then; Bellone (2005) supplies an open-source
library MSVARlib under GAUSS and Scilab; Sims et al. (2008) provide some
unpolished Matlab® codes for Bayesian MS-VAR estimation; Perlin (2015)
composes the MS_Regress package under Matlab®; finally, Herwartz and
Lütkepohl (2014) develop a Matlab® package to estimate Markov switch-
ing structural VAR, where only the variance-covariance matrix is regime-
dependent, therefore, cannot be applied to a more general framework. The
main drawback of all these codes is that they are highly expensive in computer
time, especially when the number of variables is relatively large.

Therefore, we implement the EM algorithm as discussed in section 2 to
build the msVAR toolbox under Matlab® programing language. Estimation
time is drastically reduced, e.g., for an 8-dimensional MS-VAR, it took merely
20 seconds to achieve convergence using a 2.40 GHz i7 quad-core computer
with 8GB of RAM, against two whole days when executing other numerical
optimizers based packages for the same model. The toolbox is available from
the corresponding author upon request.
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