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Abstract: This paper deals with the problem of optimizing a linear criterion, that we call
main criterion, over the efficient set of the 0/1 bicriteria knapsack problem. The resolution
process is based essentially on dynamic programming. We obtain at the end of the algorithm
a subset of efficient solutions including one which optimizes the main criterion without having
to enumerate all the efficient solutions of the problem. A numerical experiment is reported.
The percentage of the subset of efficient solutions obtained and the CPU time can proof the
efficiency of the method.
Keywords: Bicriteria knapsack problem, Optimizing, dynamic programming, efficient set,
optimal solution.
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Introduction

The problem of optimizing a function over the efficient set of a multiple objective programming
problem arises in a variety of applications. It has received the attention of many researchers
and became one of the most important and interesting areas in multicriteria programming.
The difficult of this problem is mainly due to the nonconvexity of the efficient solutions set. In
the case of continuous variables, the problem has been intensively studied by many authors,
see the overview [3]. When the decision variables are integers, there have been relatively few
studies dealing with this case. For the first time Nguyen [7] made an attempt to optimize
on the integer efficient set, then Abbas and al. [4], Chaabane and al [5], Jorge [6] and others
have developed other approaches. Especially for the binary variables case, to our knowledge no
study has been developed. In this work an algorithm is developed that optimizes an arbitrary
linear function over the efficient set of a (BOKP) without explicitly having to enumerate all
the efficient solutions. The proposed algorithm is based on dynamic programming instead of
the linear programming and cut techniques which are the most used in the previous works.
Consider the problem:

n
X


max
Z
(x)
=
pji xj , i = 1, 2

i



j=1

n
(BOKP ) X

wj xj ≤ W, j = 1 : n





 j=1
n

xj ∈ {0, 1} .

xj is a decision variable, equals to 1 if the item j is in the knapsack and 0 otherwise.
wj is the weight of object j.

(1)

pji is the profit of object j on objective i, i = 1, 2.
W is the knapsack capacity.
All coefficients pji , wj and W are supposed to be positive integers, j = 1, n, i = 1, 2.
To avoid trivial solutions, we suppose that: wj ≤ W, ∀j = 1, ..., n, and
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The set of all feasible solutions is denoted by X.
Let x, x0 ∈ X, x dominates x0 if and only if Zi (x) ≥ Zi (x0 ), i = 1, 2, with at least one strict
inequality, we denote (x∆x0 ).
Let x∗ a feasible solution, it is said to be efficient for the (BOKP ) if and only if there is no
other feasible solution which dominates it. Its corresponding vector Z(x∗ ) = (Z1 (x∗ ), Z2 (x∗ ))
is a nondominated vector.
The set of efficient solutions is denoted E(BOKP ), its corresponding set of nondominated
vectors is denoted N D(BOKP ). The problem of optimization over the efficient set of the
(BOKP ) is given by:
(PE )

max{φ(x) =
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Where φ(x) = dx is a linear function and called "main objective".
In this work we suppose that: d ∈ Rn+ .
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Definitions and basic concepts

Let:
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xj ∈ {0, 1}k .

The (BOKP) induced by the k first items (k = 1, ..., n).
A state sk = (sk1 , sk2 , sk3 , sk4 ) represents a feasible solution of the (BOKPk ), where ski is the value
on criterion i, (i = 1, 2) , sk3 and sk4 its associated weight and main objective value respectively.
The set of all feasible solutions at any stage k is defined by S k , where:
S k = S k−1 ∪ {sk−1
+ pk1 , sk−1
+ pk2 , sk−1
+ wk , s4k−1 + dk /s3k−1 + wk ≤ W, sk−1 ∈ S k−1 }.
1
2
3
0
The initial set of states S contains only the state s0 = (0, 0, 0, 0) which corresponds to the
empty knapsack. The final stage S n define the set of all feasible solutions of the (BOKP).
The notions of efficiency and dominance are also valid on the S k since a state represents a
feasible solution.
X j
A state sn ∈ S n is an extension of sk ∈ S k (k ≤ n) if and only if sni = ski +
pi , i = 1, 2,
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• Notations: we denote by:
N DSk (BOKP ): the subset of non dominated solutions obtained at a stage k.
φinf : a lower bound of the main objective φ.
xopt : optimal solution of the problem (PE ).
φopt : optimal value of the main objective φ.

3

General description of our approach

The method consists on n stages. At each stage k, k = 1, ..., n, we generate and trim progressively a subset of states C k ⊆ S k according to the previous subset of states C k−1 , with

C 0 = S 0 = {(0, 0, 0, 0)}. We omit states that can’t lead to efficient solution and among the
remaining states we omit whose that can’t improve the main objective value. At the end of a
stage k, k = 1, ..., n, we get a reduced subset of states C k , a subset of efficient solutions and an
updated lower bound of the function φ. In order to compare between states we have conserved
k
the two relations Drk and D∆
proposed by Bazgan and al. [1]. Another relation is proposed
k
that we call Zb , it is used to discard states whose upper bound are dominated by some efficient
solutions. To discard states that can’t conduce to an improvement of the function φ we propose
the relation Φkb .

3.1

Comparison between states

Let two states sk , s̃k ∈ S k at a stage k, k = 1, ..., n.
Relation Drk : This relatin is defined as follow:
 k
s̃ ∈ S k−1 ;
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This relation means that the only extension of sk that can represents an efficient solution is the
one that contains all the remanning objects, so it is not necessary to calculate other extensions,
thus s̃k is omitted.
k
: The dominance notion defined on X is also valid on S k , thus sk ∆s̃k if and only
Relation D∆
k
k
if si ≥ s̃i , i = 1, 2. The relation D∆
is defined as:
k k
sk D∆
s̃ ⇔ sk ∆s̃k & sk3 ≤ s̃k3 , k < n

(5)

Let u = (u1 , u2 , uφ ) an upper bound of a feasible solution represented by a state sk . Where
u1 , u2 is the upper bound on objective 1 and 2 respectively, uφ the upper bound on objective
φ. u is calculated as it was proposed by Martello and al.[2].
Relation Φkb : Let φinf the lower bound of the objective φ updated at the stage k. If φinf ≥ uφ
then sk can’t lead to an improvement of the main objective value, thus sk can be omitted.
Relation Zbk : If ∃s = (s1 , s2 ) ∈ N DSk (BOKP ) such that (s1 , s2 )∆(u1 , u2 ), thus sk can’t let
to efficient solution, so it can be eliminated.

3.2

Finding a lower bound of the main objective φ

To determine a lower bound of the main objective φ, we must find at least one efficient solution
of the (BOKP ), we propose to calculate the two extreme efficient solutions x1 and x2 according
to the lexicographic method. φinf = max{φ(x1 ), φ(x2 )}.

3.3

Efficiency test

To test the efficiency of solutions, we apply the theorem 3.1 proposed by Benson in [8].

3.4

Algorithm

The general step k, k = 1, ..., n − 1 of the algorithm can be summarised as follow:
1. Construct the set C k by generating progressively states from C k−1 with respect to the
k
.
relations Drk and D∆
2. Set M k ⊆ C k the subset of nondominated states according to the relation ∆.

3. Generate extensions for M k states and maintain just P k the subset of nondominated
extensions which improve the main objective value. They represent potentially nondominated solutions of the (BOKP ).
4. Test the efficiency of the solutions represented by P k states, update N DSk (BOKP ),
φinf .
5. For each state in C k , calculate its upper bound on the main objective φ.
6. Eliminate from C k states dominated with respect to the relation Φkb , update C k .
7. For each state in C k , calculate its upper bound on objective 1 and 2.
8. Eliminate from C k states dominated with respect to the relation Zbk , update C k .
At the final step n we we apply steps 1 and 2. Let M n the subset of nondominated states
according to the relation ∆, only states improving the function φ are kept and tested for
efficiency. Update N DSn (BOKP ) which represents the subset of non dominated solutions of
the (BOKP ) , xopt the optimal solution of the problem (PE ) and φopt its corresponding value
on objective φ.

4

Conclusion

In this paper, we presented an exact algorithm for optimizing a linear function on the efficient
set of a (BOKP ) which is based essentially on dynamic programming. Our objective was
to reach the optimal solution without having to enumerate all the efficient solutions of the
problem. The experimental study shows that a very small percentage of efficient solutions is
browsed. The computing time is admissible but it grows very fast with the number of efficient
solutions of the problem. To improve our method, we think to built an efficient item order
which helps to speed up the resolution process.
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