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1 Problem description

The problem we consider is the one-machine scheduling problem with release

dates and delivery times. The objective is to minimize the maximum lateness.

Formally, the problem is defined in the following way. We have to schedule a set

J = {1, 2, . . . , n} of n jobs on a single machine. Each job j ∈ J has a processing

time pj , a release time (or head) rj and a delivery time (or tail) qj . The

machine can only perform one job at a given time. Preemption is not allowed.

The problem is to find a sequence of jobs, with the objective of minimizing

the maximum lateness Lmax = max1≤j≤n {Cj + qj} where Cj is the completion

time of job j. We also define sj as the starting time of job j, i.e., Cj = sj + pj ,

then P =
�n
j=1 pj as the total processing time and p(H) =

�
j∈H pj as the

total processing time for a subset of jobs H ⊂ J . Four scenarios are considered:

• Scenario 1: every job should be completed before a deadline d, i.e., Cmax =

max1≤j≤n{Cj} ≤ d. This scenario is denoted as 1|rj , Cmax ≤ d|Lmax and

it is abbreviated as Π1.

∗This work has been published under the reference [4].
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• Scenario 2: we are given the one-machine bicriteria scheduling problem

with the two objectives Lmax and Cmax, denoted by 1|rj |Lmax, Cmax. We

will speak shortly of problem Π2.

• Scenario 3: the machine is not available during a given time interval

]T1, T2[. This scenario is denoted by 1, h1|rj |Lmax. We will speak shortly

of problem Π3. Here, ]T1, T2[ is a machine non-availability (MNA) interval.

• Scenario 4: in this case, the non-availibility interval ]T1, T2[ is related to

the operator who is organizing the execution of jobs on the machine. An

operator non-availability (ONA) period is an open time interval in which

no job can start, and neither can complete. Using an extended notation as

in [7], this scenario is denoted by 1, ONA|rj |Lmax and abbreviated as Π4.

2 Our contributions

All four presented scenarios are generalizations of the well-known fundamental

problem 1|rj , qj |Lmax which has been widely studied in the literature. For the

sake of simplicity, this problem will be denoted by Π0. It is well-known that

problem 1|rj , qj |Lmax is NP-hard in the strong sense [1]. Therefore, we are

interested in the design of efficient approximation algorithms for our problems.

For each of the four problems Π1, Π2, Π3 and Π4 we will present a polynomial

time approximation scheme.

First, we consider problem Π1 with a common deadline d for the jobs. The

Schrage sequence shows whether a feasible solution for Π1 exists or not. If

Cmax(σSc(I)) > d, then the problem has no feasible solution. Hence, we will

assume in the following that Cmax(σSc(I)) ≤ d. Let ε > 0. A job j is called large

if pj ≥ εLmax(σSc(I))/2, otherwise it is called small. Let L be the subset of large

jobs. Since Lmax(σSc(I)) ≤ 2L
∗
max

(see Carlier), it can be observed that |L| ≤

2/ε. Let k = |L|. We assume that jobs are indexed such that L = {1, 2, . . . , k}.

Our PTAS is based on the construction of a set of modified instances starting

from the original instance I. Set R = {r1, . . . , rn} and Q = {q1, . . . , qn}. Let

us define the following sets of heads and tails: R (i) = {rj ∈ R|rj ≥ ri}, i =

1, 2, . . . , k, and Q(i) = {qj ∈ Q|qj ≥ qi}, i = 1, 2, . . . , k. Now, we define

the set of all the combinations of couples (r, q) ∈ R (i) × Q(i) for every i =

1, 2, . . . , k: W = {(�r1, �q1, �r2, �q2, . . . , �rk, �qk)|�ri ∈ R (i) , �qi ∈ Q (i) , i = 1, 2, . . . , k}
Clearly, the cardinality of W is bounded as follows: |W | ≤ n2k = O(n4/ε). Let

w ∈ W with w = (�r1, �q1, �r2, �q2, . . . , �rk, �qk). Instance Iw is a slight modification
of instance I and is defined as follows. Iw consists of large and small jobs.

The k large jobs have modified release times �r1, �r2, . . . , �rk and delivery times
�q1, �q2, . . . , �qk. All processing times and the n− k small jobs remain unchanged.
Let I be the set of all possible instances Iw, i.e., I = {Iw|w ∈ W}. It is clear

that |I| is in O(n4/ε). By the modification, the processing times of instances

in I are not changed and release times and delivery times are not decreased.
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Let �I ⊆ I. An instance I ′ ∈ �I is called maximal if there is no other instance
I ′′ ∈ �I such that for every i = 1, 2, . . . , k, we have r′i ≤ r′′i , q′i ≤ q′′i and at least
one inequality is strict. Here, r′i, q

′
i denote the heads and tails in I

′ and r′′i , q
′′
i

the heads and tails in I ′′, respectively. Our procedure PTAS1 depends on the

instance I, the deadline d and the accuracy ε. First, it runs Schrage’s algorithm

for all instances in I. Then, it selects the best feasible solution, i.e., the best

solution with Cmax ≤ d. Finally, it applies the corresponding sequence to the

original instance I.

Theorem 1 Algorithm PTAS1 yields a (1 + ε)-approximation for Π1 and has

polynomial running time for fixed ε.

Based on Theorem 1 we can derive a PTAS for the second scenario 1|rj |Lmax, Cmax.

The detail will be given in the presentation. Another important theorem will

be explained:

Theorem 2 Problem Π3 admits a PTAS.

By using the previous theorem and a similar transformation as proposed in [7],

the existence of an PTAS for Scenario Π4 (1, ONA|rj |Lmax) can be proved.

Theorem 3 Scenario Π4 admits a PTAS.

3 Conclusions

In this paper, we considered important single-machine scheduling problems un-

der release times and tails assumptions, with the aim of minimizing the max-

imum lateness. Four variants have been studied under different scenarios. In

the first scenario, all the jobs are constrained by a common deadline. The sec-

ond scenario consists in finding the Pareto front where the considered criteria

are the makespan and the maximum lateness. In the third scenario, a non-

availability interval constraint is considered (breakdown period, fixed job or a

planned maintenance duration). In the fourth scenario, the non-availibility in-

terval is related to the operator who is organizing the execution of jobs on the

machine, which implies that no job can start, and neither can complete during

the operator non-availability period. For each of these four open problems, we

establish the existence of a PTAS.

As a perspective, the study of min-sum scheduling problems in a similar context

seems to be a challenging subject.
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